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REES ALGEBRAS ON SMOOTH SCHEMES: INTEGRAL CLOSURE AND 
HIGHER DIFFERENTIAL OPERATORS. 

ORLANDO VILLAMAYOR U. 



Abstract. Let y be a smooth scheme over a field k, and let {In,n > 0} be a filtration of 
sheaves of ideals in Oy, such that Iq = Oy, and Ig ■ It C Ig+t- In such case /„ is called a 
Rees algebra. 

A Rees algebra is said to have differential structure if, for any two integers N > n and any 
differential operator D of order n, D(/Ar) C In-u- Any Rees algebra extends to a differential 
structure. 

There are two extensions of Rees algebras: one defined by taking integral closures, and 
another by extending the algebra to a differential structure. 

We study here some relations between these two extensions, with particular emphasis on 
the behavior of higher order differentials over arbitrary fields. 
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1. Introduction 

A smooth ring R, of finite type over a field k, has a locally free sheaf of /c-linear differential 
of order n, say Dif /'"'{R), for each index n > 0. 
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A graded subring of a polynomial ring over _R, say -RfVT], can be expressed as ^ = 
©n>o ^nW"', where each J„ is an ideal in R. Q is called the Rees algebra of the filtra- 
tion {In}n>o- example a Rees ring of an ideal I is of this type; in which case J„ = I^. 
The integral closure of a Rees ring is also a Rees algebra (not necessarily a Rees ring of an 
ideal). 

Taking integral closure of Rees algebras in R\W] can be thought of as an operator, say 

The study of embedded singularities has motivated another kind of extension, linked to 
differential operators. In fact, from the point of view of singularities it is interesting to 
consider Rees algebras Q = ®„>q InW^ with the additional property that for any operator 
D G Diff^lR), and any index N > n, D{In) C In-u- 

It is simple to show that for any Q = ®„>q InW"", there is a smallest extension to one with 
this property, say G{Q). This defines a second operator, say Q C G{Q). 

The objective of this paper is to study the interplay between both operators. In Th lfi.121 
it is shown that if two Rees algebras have the same integral closure, then their G-extensions 
also have the same integral closure. This shows a curious relation of differential operators 
with integral closures. 

The techniques for this first part are developed in section 6. The key idea is to consider 
suitable weighted structures defined by coefficients of truncated Taylor development. In fact, 
it is in this context where the link of integral closure with differential operators arises. 

This is a paper on commutative algebra; however it is motivated, and has applications, on 
the study of singularities over arbitrary fields ([111), treated in this presentation. 

These extensions of graded algebras appear in ^H] , and more recently in work of J. 
Wlodarczyk , and J. Kollar (jHj, and [IZI)- But it is in the work of Hironaka 0,101,111 
where the notion of differential structure is treated systematicaly in relation to the theory of 
infinitely close points. Our work is related with these last three papers, particularly with his 
"finite presentation theorem" in jB] . Here we do not make use of monoidal transformations, 
and hence of the theory of infinitely close points. The notion of restriction of differential 
structures, in section 5, appears already in the work of Hironaka. 

Our interest and aim is on the case differential structures over fields of arbitrary character- 
istic. Differential operators of higher order have been a fundamental tool in various aspects 
of algebraic geometry over fields of characteristic p > 0. 

We refer here to ^3] for geometric applications of this work, and also for more details on 
the relation of our results with results of Hironaka, where these ideas where iniciated. 

I profited from discussions with Augusto Nobile; and also with Vincent Cossart, Marco 
Farinati, Monique Lejeune, Luis Narvaez, and Santiago Zarzuela. 

2. Graded rings and Differential structures 

2.1. Fix a noetherian ring B, and a sequence of ideals {Ik}, k > 0, which fulfill the conditions: 

1) Jo = B, and 

2) Ik - Is d Ik+s- 
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This defines a graded subring Q = ^j^^i Ik ■ of tlie poiynomiai ring We say tliat 

^ is a Rees algebra only if this subring is a (noetherian) finitely generated S-algebra. 

Remcirk 2.2. 1) Examples of Rees algebras are the Rees rings of an ideal / C -B, where 
Ik — I^ for each k > 1. In general we will not assume that a Rees algebra is generated in 
degree one. 

2) Whenever • C (c is a Rees algebra, we may define a new Rees algebra 

^I'k-W^ by setting 

Ik-Y.'r. 

r>k 

If 4 • W'' is generated by ^ = {gnW''% 1 < i < m, > 0}. Namely, if: 

then 1'y. ■ is generated by the finite set W^"^, 1 < i < m,l < n[ < nj}. 

Note that /;(. D and that 04 ■ C 0/^ • is a finite extension. In fact, it 

suffices to check that given an element g & Ik, then g ■ W^"^ is integral over 1^ ■ W^. One 
can check that 

gelk^ g^'^ e hik-i) ^ g'" e h^k-i), 
so g ■ W''-^ fulfills the equation Z'' - {g^ ■ W^'^''-'^^) = 0. 

Up to integral closure we may assume that a Rees algebra has the additional condition: 

h ^ 4+1- 

2.3. In what follows we define a Rees algebra, say 0„>o-^nW^" by fixing a set of 

generators, say 

^ = {gn^W'/ui > 0,1 <i<m}. 

So if / e /„, then 

/ I^n{gnn ■ ■ ■ i gnm)i 

where Fn{Yi, . . . , Y^) is a weighted homogeneous polynomial in m variables, and each Yj has 
weight rij. 

For a fixed positive integer iV, C is a finite extension of graded rings. Fur- 

thermore, 0fc>o4ivW^'=^ is a Rees algebra in B[W% and ®k>oIkNW^'' C 0„>o is 
also finite. 

Note that if is a common multiple of all integers rij, 1 < i < m, then 

fc>0 n>0 

is an integral extension, where the left hand side is the Rees ring of /jv (in So Rees 

algebras are finite extensions of Rees rings. 

If a Rees algebra 0„>o-^nW^" in B^] is the Rees ring of /i, then the integral closure in 
B\W] is 0„>o InW'^, where each 7„ is the integral closure of the ideal /„. This is a Rees 
algebra, and not necessarily the Rees ring of the ideal Ii. 
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2.4. Let B be a normal excellent ring, and let 

Spec{B) ^ X 

be a proper birational morphism, then I C tt^,{IOx) C /, where / denotes the integral closure 
of / in B. Moreover, if tt is the normalization of the blow-up at /, then lOx is an invertible 
sheaf of ideals, and 

7 = 7r,(/Ox). 

Assume that the normal ring B is of finite type over a field k. If i? is a one dimensional 
normal domain, any ideal is invertible and integrally closed. We add the following well known 
result for self-containment ( se [S], p. 54 or p. 100). 

Lemma 2.5. Let I, J be two ideals in a normal domain B, which is finitely generated 
over a field k. Then I = J if and only if lOw = JOw, for any morphism of k-schemes 
W — > Spec{B), with W of dimension one, regular and of finite type over k. 

Let X E W map to y E W, then Ow,x is a valuation ring that dominates Ospec{B),y So if 
I = J, then lOw = JOw In fact, for any morphism B ^ A, where A is a valuation ring, 
I A = 7 A. 

Assume that this condition holds for any morphism from a regular one dimensional scheme 
W. We claim now that both ideals have the same integral closure in B. 

Let Spec{B) X be the normalized blow up at /, and let {Hi, . . . ,Hs}he the irreducible 
components of the closed set defined by the invertible sheaf of ideals lOx- Here each Hi is an 
irreducible hypersurfaces in X. Let hi E X denote the generic point of Hi. There are positive 
integers aj, so that lOx can be characterized as the sheaf of functions vanishing along Hi 
with order at least (i.e. with order at least at the valuation rings Oxx)- 

Claim: The sheaf of ideals JOx also has order at Ox,hr 

If the claim holds, JOx C lOx, and 

JCn^iJOx) Cn.ilOx) = /• 

In particular J C /. A similar argument would lead to the other inclusion. 
In order to prove the claim we choose a closed point x E Hi so that: 

1) Ox,x is regular, 

2) xEHi- Hj^iBj, 

3) Hi is regular at x, and 

4) JOx,x is a p-primary ideal, for p = I^Hi)^. 

Since any sheaf of ideals has only finitely many p-primary components, such choice of x is 
possible. 

Let {xi, . . .Xd-i,Xd} be a regular system of parameters at Ox,x such that p = I{Hi)x = 
XdOx,x, and let W be the closure of the irreducible curve defined locally by < xi, . . . , Xd-i >■ 
So W is one dimensional, and regular locally at x. We may assume that W is regular after 
applying quadratic transformations which do not affect the local ring Ow,x- By construction 
IOw,x has order a,, by hypothesis the same holds for JOw,x- This proves the claim. 



5 

2.6. Let B = S[X] be a polynomial ring, and let Tay : B B[U] be the S'-algebra 
homomorphism defined by setting Tay{X) = X + U. For any f{X) G B set 

Tay(/(X)) = 5^A"(/(X))f/°. 

The operators A" are S-differential operators {S linear). Furthermore, for any positive 
integer N, the set {A", < a < N} is a basis of the -B-module of S'-differential operators on 
B, of order < A^. 

Definition 2.7. Let B = S[X] be a polynomial ring over a noetherian ring S. A Rees algebra 

^I.-W'' CB[W] 

is a differential structure, say Diff-structure, relative to S, when: 

i) Ik D 4+1 for any k>0. 

ii) For any n > and f & In, and for any index < j < n and any ^-differential operator 
of order < j, say Dj: 

Remark 2.8. Let Dif fg (B) denote the module of S'-differential operators of order at most 
N. Then 

Dtff^iB)cDtff^+\B)c... 

For this reason it is natural to require condition (i) in our previous definition. Note also that 
12.61 asserts that (ii) can be reformulated as: 

ii') For any n > and / G /„, and for any index < a < n: 

A"(/) G In-a, 

In fact, (i) + (ii) is equivalent to (i) + (ii'): 

Theorem 2.9. Fix B = S[X] as before, and a finite set T = {gnW'^%ni > 0, 1 < z < m}, 
with the following properties: 

a) For any 1 < i < m, and any n'-, < n'- <ni: 

9n,W< G ^. 

b) For any 1 < i < m, and for any index < a < nj.- 

A"(^n)W^"'"" e T. 

Then the B subalgebra of B[W], generated by T over the ring B, has DifJ- structure relative 
to S. 

Proof Condition (i) in DefOis byO 2). 

Let InW^ be the homogeneous component of degree N of the B subalgebra generated by 
JF. We prove that for any h G In, and any < a < A^, A°'{h) G In-o- 
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The ideal /at C -B is generated by all elements of the form 

(2.9.1) Hn = gn,^ ■ 9n,^ ■ ■ ■ 9n,p + ^ia + " " " '^ip = 

with the gm.W^"^ G ^ not necessarily different. 

Since the operators A° are linear, it suffices to prove that A" (a ■ Hn) G In-o, for a E B, 
Hn as inEnm and < a < A^. We proceed in two steps, by proving: 

1) A-{Hn) G In^c. 

2) A-(a ■ Hn) G In-c- 

We first prove 1). Set Tay : B = S[X] B[U], as in I2.61 Consider, for any element 

Tayign,^) = J2^^i9n.jU^ eB[U]. 

/3>0 

Hypothesis (b) states that for each index < /5 < rij,, Af^{gni^)W'^'i~'^ G JF. 
On the one hand 

Tay{HN) = J2A''{HN)U'', 

and, on the other hand 

Tay{HN) = Tay{gn,J ■ Tat/(^„,J ■ ■■Tay{gn,^) 

in -B[f/]. This shows that for a fixed a (0 < a < A^), /S.°'{Hn) is a sum of elements of the 
form: 

l<s<p 

So it suffices to show that each of these summands is in In-u- 
Note here that 

J2 (""is -f3s) = N-a, 

l<s<p 

and that some of the integers rii^ — (3s might be zero or negative. Set 

G = {r, \ < r < p, and nj,. — Pr > 0}. 

So 

N-a= J2in,^-Ps)<J2in,^-(3r) = M. 

l<s<p reG 

Hypothesis (b) ensures that A^''((yf„-^) G Im^-Pr every index r G G, in particular: 

A^H^7n,)-A'^H<?„,J---A'^^(^?„,jG/M. 

Finally, since M > N — Im C In -a, and this proves Case 1). 

For Case 2), fix < a < A^. We claim that A°(a ■ Hn) G In-u, for a E B and Hn as in 
irrrn At the ring B[U], 

Tay{a ■Hn) = J2 ^°(« ' Hn)U'', 



a>0 
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and, on the other hand 

Tay{a ■ Hn) = Tay{a) ■ Tay{HN). 
This shows that A"(a • H^) is a sum of terms of the form A°i(a) • A°'^{HN),ai > 0, and 
ai + 02 = a. In particular «2 < «; and by Case 1), A'^^{Hp^) e lN-a2- the other hand 
N-a2>N-a,so A'^^{Hn) G /jv-a, and hence A"(a • i^iv) e /jv-a- □ 

CorollEiry 2.10. The Rees algebra in B[W], generated over B by 

J^^{gnW''%ni> 0,1 <i<m}, 
extends to a smallest Diff-structure, which is generated by the finite set 
T' = {A"((7„)W^"'"7^?n.W^"^ e andO<a< m}. 
3. Differential structures on smooth schemes. 

3.1. A sequence of coherent ideals on a scheme Z, say {/njnGN) such that /q — ^z-, and 
/fc ■ /s C /fe+s, defines a graded sheaf of algebras 0„>o-^n • C Oz[W]. 

We say that this algebra is a Rees algebra if there is an open covering of Z by affine open 
sets {Ui}, so that 

n 

is a finitely generated O z {Ui)-algehYa. 

In what follows Z will denote a smooth scheme of a field A;, and DiffJl{Z), or simply 
Diffl, the locally free sheaf of fc-linear differential operators of order at most r. 

Definition 3.2. We say that a Rees algebra defined by {/„}neN is a Diff-structure relative 
to the field k, if: 

i) In ^ In+1- 

ii) There is open covering of Z by affine open sets {Ui}, and for any D £ Dif f^^\Ui), and 
any h G In{Ui), then /^(/i) G In-riUi), provided n > r. 

Due to the local nature of the definition, we reformulate it in terms of smooth /c-algebras. 

Definition 3.3. In what follows R will denote a smooth algebra over a field, or a localization 
of such algebra on a closed point ( a regular local ring). A Rees algebra is defined by a 
sequences of ideals {/fejfegN such that: 

1) Iq = R, and 4 • C 4+^- 

2) hW^ is a finitely generated i?-algebra. 

We shall say that the Rees algebra has Diff-structure relative to k, if 

3) In D In+1, and 

4) given D e Diff'^\R), then C 

We now show that any Rees algebra extends to a smallest Diff-structure (i.e. included in 
any other Diff-structure containing it). 
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Theorem 3.4. Assume that Q = @ Ik ■ is a Rees algebra over a smooth scheme Z . Then 
there is a natural and smallest extension of it, say Q C G{Q), where G{Q) is a Diff- structure 
relative to the field k. 

Proof. The problem is local, so we will assume that R is the local ring at a closed point. 
We show that a finitely generated subalgebra of R[W] extends, by successive applications of 
differential operators, to a finitely generated algebra. 

We will argue in steps. Assume that the local ring R is of dimension 1, and let x denote 
a parameter. Set Tay : R — » the k-algebra morphism at the completion defined by 

setting Tay{x) = x + U. Here i? = A;'[[x]] is a ring of formal power series over a finite extension 
k' of k, 

ra?/(/) = J]A^(/(x))f/^ 

and each 

A'^ : k'[[x]] k'[[x]] 

maps R into R, defining 

A' -.R^R. 

So Tay : R R[[U]] induces by restriction Tay : R R[[U]]. 
For any f E R set 

Tayif) = J2^'if)U'i^ mU]]). 

r>0 

The operators are a basis of the fc-linear differential operators on R. 
The same argument used in Theorem 12.91 shows that if ^ Jjt ■ is generated by JF = 
{gn.W"'^ rii > 0,1 < i < m}, then 

r = {A'{gn)W<-'/gnW''' G .F, and < r < < n,} 

generates the smallest extension to a Diff-structure. 

Let now i? be a localization of an arbitrary smooth algebra at a closed point, and fix a 
regular system of parameters {xi, . . . , Define 

Tay:R-^R[[U,,...,Ur.]] 

as the continuous morphisms of algebras defined by setting Tay{xi) = Xi + Ui. So for any 
h E R set: 

Tay{h)= J2 

This morphism defines, by restriction, Tay : R R[[Ui, . . . , ?7„]], and we set 



Tayig) = ^'^idW'^- 
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{A"/a G (N)",0 < |a| < n} is a basis of the free -R-module Dif f"{R), and in order to 
show that a Rees algebra 0/^ ■ has Diff-structure, it suffices to check that given g G Im- 



(3.4.1) A"((7) G Im-\a\. 

Note that 

A" A"' = A°'A". 

Define, for each index i^, 1 < io < n: 

Tay,,:R^R[[U,,]], 
Tayi{xj) = Xj and Tayi{xi^) = Xi^ + Ui^. So 

is defined in terms of the partial differential operators A^. 
For any multi-index a = (ai, a2, ■ ■ ■ , «n) £ (N)": 

A" = Af ■ - -A^", 

is a composition of partial operators defined above. And ^ 1^ • has Diff-structure if the 
requirement in ()3.4.1|) holds for each of these partial differential operators. 

So again, the arguments in Theorem 12 . 91 ensure that if ■ is generated by 

J^ = {9nW''\ni>0,l<i<m}, 

then 

(3.4.2) T' = {/S.^{gn)W<-''/gn^W^ G = (ai,a2, . . . ,a„) G (N)", and < |a| < < < m} 
generates the smallest extension of ^ ■ with Diff-structure relative to the field k. 

□ 

Corollary 3.5. Given inclusions of Rees algebras, say 

Q = W" c g' = 0/;w^" c G{g) = ^i':w\ 

where G{Q) is the Diff-structure spanned by Q , then G{Q) is also the Diff-structure spanned 
by Q'. 

3.6. Fix now a smooth morphism of smooth schemes, say Z Z' . Let Dif f"^,{Z), or simply 
Diffz' denote the locally free sheaf of relative differential operators of order r. 

We say that the Rees algebra ^ Ik ■ over Z ()3.1|) has Diff-structure relative to Z' , if 
conditions in Def 13.21 hold, where we now require that D G DiffPiUi) in (ii). 

Since Diff^,{Z) C Diffl{Z) it follows that any Diff-structure relative to k is also relative 
to Z'. 

Theorem IH31 has a natural formulation for the case of Diff-structures relative to Z'. 
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Given an ideal / C Oz, and a smooth morphism Z ^ Z' , we define an extension of ideals 

Diffz^mu) = {D{f)/f e l{U),De Difr,,{U)) 
for each open U in Z. 

Since Difr^, C Dif r^t\ clearly Dif f^I) C Dzff;t\l) for r > 0. 

Note finally that a Rees algebra Ik ■ over Z ()3.1|) has Diff-structure relative to Z', if 
and only if, for any positive integers r < n, Diff^,{In) C In-r- In particular, for Z' = Spec{k), 
condition ii) in Def I3.2l can be reformulated as: 

ii') Dzffain) C 

4. Differential structures and singular locus. 

4.1. The notion Diff-structure relative to a field k, on a smooth fc-scheme Z, is closely related 
to the notion of order at the local regular rings of Z. Recall that the order of a non-zero ideal 
/ at a local regular ring [R, M) is the biggest integer b such that I C M''. 

If / C Oz is a sheaf of ideals, V{Dif f^~^{I)) is the closed set of points of Z where the 
ideal has order at least b. We analyze this fact locally at a closed point x. 

Let {xi, . . . , Xn} be a regular system of parameters at Oz,x, and consider the differential 
operators A", defined on Oz,x in terms of these parameters, as in the Theorem 13 .41 So at x, 

{Diffl-\I)), = (A°(/)// e /,0 < |a| < 6 - 1). 

One can now check at Oz,x, or at the ring of formal power series Oz,x^ that Dif f^~^(I) is a 
proper ideal if and only if / has order at least b at the local ring. 

The operators A" are defined globally at a suitable neighborhood U of x. So if J„ ■ W"' C 
Oz[W] is a Diff-structure relative to the field k and x E Z is a closed point, the Diff-structure 
©(-^n)x ■ W^" C Oz,x[W] is properly included in Oz,x[W], if and only, for each index k E N, 
the ideal {Ik)x has order at least k at the local regular ring Oz,x- 

Definition 4.2. The singular locus of a Rees algebra Q = ^ In ' W^" C Oz[W], will be 

Stng{g) = r\r>oV{Diffl-\lr)){(l Z). 
It is the set of points x E Z for which all {Ir)x have order at least r (at Oz^x)- 

Remark 4.3. Assume that / G {Ir)x has order r at Oz^x- Then, locally at x, Sing{Q) is 
included in the set of points of multiplicity r (or say, r-fold points) of the hypersurface V^((/)). 

In fact Dif fl~^{f) C Dif fl~^[Ir)^ and the closed set defined by the first ideal is that of 
points of multiplicity r. 

Proposition 4.4. 1) If Q = 0/„iy" and Q' = are Rees algebras with the same 

integral closure (e.g. if Q d Q' is a finite extension), then 

Sing{Q) = Sing{Q'). 

2) If Q is a Rees algebra generated over Oz by J-" = {g-n^W"''' , Ui > 0,1 < i < m}, then 

Sing{g) = nV{Diff'^^{{g,))). 
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3) Let Q" = 0/^' ■ he the extension of Q to a Diff- structure relative to k, as defined in 
Theorem \3.4\ then Sing{Q) = Sing{Q"). 

4) For any Diff- structure Q" = 0/" ■ Sing{g") = V^(J('). 

5) Let Q" = ^ I'n ■ he a Diff'- structure. For any positive integer r, Sing{Q") = V{I!^). 

Proof. 1) The argument in 12.31 shows that there is an index A^, so that Q is finite over the 
subring and Q' is finite over ^ I'jI^W^^ . And furthermore, 1^ and have the 

same integral closure. In these conditions Sing{Q) is the set of points x E Z such that Ij^ 
has order at least at Oz,x^ and similarly, Sing{Q') is the set of points x E Z such that 
has order at least A^. Finally, the claim follows from the fact that the order of an ideal, at a 
local regular ring, is the same as the order of its integral closure ([20]; Appendix 3). 

2) We have formulated 2) with a global condition on Z, however this is always the case 
locally. In fact, there is a covering of Z by affine open sets, so that the restriction of Q is 
generated by finitely many elements. Let U be such open set, so Q{U) = ■ is 
generated by = {gnW^'^rii > 0, 1 < i < m}, g^^ G 0{U). 

The claim is that y G Sing{Q) fl [/ if and only if the order of g^ at Oz,y is at least nj, for 
1 < i < m. 

The condition is clearly necessary. Conversely, if ^ = /„ = Ou[{giW'^^}g.w"^ej^], and 
each gn^ has order at at least at Oz,y, then J„ (generated by weighted homogeneous 
expressions on the gi's) has order at least n at Oz,y 

3) We argue as in 2), here we may also assume that there is x G ?7, a regular system of 
parameters {xi, . . . at x, and differential operators A" as in the Theorem 13. 4( defined 
globally at U. 

The Diff-structure Q" in the Theorem 13.41 is a finite extension of the Rees algebra defined 

by 

r = {A"(^7„)iy"'-7f7n.W^"^ eT,a= (ai, as, ... , e (N)", and < |a| < n,}. 

Note finally that if the order of gn^ at a local ring is > rij, then the order of A"(5f„) is 
> rii — \a\. 

4) The inclusion Sing{Q") C V{I'^) holds, by definition, for any Rees algebra. On the other 
hand, the hypothesis ensures that Dif f^~^{I") C so Sing{Q") D V {!'{). 

5) Follows from 4). □ 

5. On restrictions of differential structures. 

Proposition 5.1. Let G = @ Ik ' he a Diff-structure on a smooth scheme V defined hy 
ideals Ik C Oy. 

A) If V G V is a smooth suhscheme, the restriction of Q to V , say 

G' = ^hOy,-W\ 

is a Diff-structure on V . 
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B) If V" ^ V is a smooth morphism, then the natural extension, say 
is a Diff- structure on V" . 

Proof. It is clear that both Q' and Q" are Rees algebras p.lj) . We will show that conditions 
(i) and (ii) in Definition IH.2I hold. 

It suffices to prove both results locally at closed points, say x e Sing{Q). Set Qx = ® h-W' 
where now each is an ideal in Ov,x- We may also replace the local ring by its completion. 

A) Fix a closed point x & V' <Z V and a local regular system of parameters, say 

{Xi, . . . ,Xh, Xh+l, ■ ■ ■ Xd} 

at Ov,x, such that V is locally defined by the ideal < xi, . . . ,Xh >■ Set 

Ov,x = k'[[xi, ...,Xh, Xh+i, . . . Xd]], 
where k' is a finite extension of k. For each multi- index a = (ai, . . . , ad) G N'^, 

where a^^^ = (ai, . . . , a/j) G N^, and a^^) = {oh+i, . . .,ad) e N'^"'*. 
Express an element /„ G /„ as 

fn= ^1^ ' ' ' ^h'^(^aW^ 

a{i)e(N)'' 

^ k'[[xh+u...Xd]]. 

If = ai + ■ ■ ■ + ah < n, then a„(i)iy"-l"*''l is the class of A°'i)(/„) ■ in 

^v',x[W]. So it is an element in the restricted algebra. Similarly, if + < n, 

A^'^'a,(.)H^"-l"'^'l-l^'^'l 

is the class of the element (A^^" A°*i))(/„) ■ in dv',x[W]. 

For each index m > 1, ImOy' ■ W"^ is defined by the coefficient QqW"^ (0 G (N)'*), for each 
fmW^ G ImW^- Conditions (i) and (ii) in 13. 21 are now easy to check. 

For our further discussion we point out that ImOy ■ also contains all coefficients 
a„(i)Vr"-l"^"l of fW G /"VT, and n - \a^^\ = m. 

B) Fix a point x' G V" mapping to x G V^. The completion of Ov",x' contains that of Ov,x, 
say 

Ov,x = k'[[xi, . . .,Xd]] C dv",x' = k'[[xi, . . .,Xd,Xd+i, . ..Xe]]. 

Each ideal /„ in . . . , Xd]] extends to /„ ■ /c'[[xi, . . . ,Xd, Xd+i, ■ ■ ■ Xe]]; and the claim is that 

the extended algebra has Diff-structure. The statement follows easily in this case, for example 
by formula ()3.4.2|) . which expresses generators of the Diff-structure in terms of generators of 
the Rees algebra. 
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Definition 5.2. Fix Q = @ Ik ■ W^, a Rees algebra on V, and let V < — V be a morphism 
of smooth schemes. We define the total transform of Q to be 

Namely the Rees algebra defined by the total transforms of the ideals In, n > 0. 

Note that the restriction in A) and the natural extension in B), are particular examples of 
total transforms. 

Lemma 5.3. Let Q = ■ W^{c Ov[W]) be a Rees algebra generated by a finite set 

T = {gjsf-^W^^ , . . . , gjsf^W^^} , and let V < — V be a morphism of smooth schemes. Then 
7r^^(^) is also generated by T . 

Proof. Since any element of Im is a weighted homogeneous polynomial of degree M in ele- 
ments of J-', the total transform of the ideal is also generated by elements that are weighted 
homogeneous in the same set J-". □ 

In particular: 

A) the restriction of Q to V'{c V) is generated by {g]^_^W^^, . . . ,gj^^W^^}, where each g^. 
is the restriction of gNi to V. 

B) If V" — s> is a smooth morphism, the total transform of ^ Ik ■ to V" is generated 

by {^7iv,W^^^...,^77v.l^^^}. 

Theorem 5.4. Let V' V be a morphism of smooth schemes, then: 

i) if Q is a Diff- structure on V, the total transform n~^{Q) is a Diff- structure on V' . 
a) Sing{'K~^{Q)) = TT~^{Sing{Q)). 

Proof. Since V' V is of finite type, it can be expressed locally in the form V C V" — ^ V, 
where f3 is smooth. So Prop 15. Il proves (i). 

Fix a closed point x G Sing{7i~^{Q)). Since Sing{Q) = V{In) for all n > 1 (j4.4p . it follows 
that 7r(x) G Sing{Q). On the other hand, if 7r(a;) e Sing{Q), the order of /„ is at least n at 
Ov,tt{x), for each n > 1. So the same holds at Ov',x- This proves (ii). 

6. On differential structures and integral closures. 

6.1. Fix a Rees algebra Q = ■ W'^C Ov[W]), and a point x G Sing{Q). Let Z be a 
smooth subscheme containing x, and let Xi, . . . , x/^ be part of a regular system of parameters 
at Ov,x so that < xi,...,Xh > is the ideal defining Z locally at x. We will now define a 
graded algebra over the completion, namely in Oz,x[W]. 

This new graded algebra will be defined in terms of the (local) inclusion Z G V, and the 
retraction V ^ Z defined locally at x (see 16. 3|) . 

Extend {xi, . . . , Xh} to a regular system of parameters, say {xi, . . . , Xh, Xh+i, ■ ■ ■ Xd}, of 
Ov,x- Ov,x is a ring of formal power series, say fc'[[xi, . . . , x/i, x/i+i, . . . x^]], and Oy^x is 
/c'[[x/i+i, . . . Xd\]. The local retraction is defined by /c'[[x/i+i, . . . x^]] C /i;'[[xi, . . . , Xh, Xh+i, ■ ■ ■ Xd\] 
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Set, as usual, Gx = ® h ■ W'^C Ov,x[W]), that also extends to a Rees algebra over Ov,x- 
Express an element /„ G /„ as 

fn= ^1^ ' ' ' ^h'^'^aW^ (l^W ^ k [[Xh+1, ■ ■ ■ Xd]]- 

Q,(l)g(N)'> 

For any such /nW^", consider the set {0^(1) ■ W'^~^°'^^^^,0 < \a^^^\ < n}, which we call the 
coefficients of fnW^. So the coefficients of fnW"^ is a finite set, defined in terms of a regular 
system of parameters, and the weight of each coefficient depends on the index n. 

Claim: As fnW"' varies on the Rees algebra Qx, the coefficients of fnW"' generate a Rees 
algebra, say Coeff(^)^, in k'[[xh+i, ■ ■ ■ Xd]][W]. 

The claim here is that the graded algebra Coeff(^)^ is a finitely generated subalgebra of 
k'[[xt,+u...Xd]][W]. 

Assume that JF = {qniW^"^, . . . , gNs^'^'} generate Qx- Express, for 1 < i < s: 

(6.1.1) gN,= ^ ■ ■ ■x^'^a^*^ aa E k'[[xh+i, ■ ■ ■ Xd]]- 

We search for a finite set of coefficients, that span Coeff(^)^. A first candidate would be 

(6.1.2) = {a(,^)iy^'~l"l/0 < |a| < A/'i, 1 < z < s}. 

Consider the product of two elements in JF, say Qn.W^' ■ QnjW^^ = fnW^ {n = Ni + Nj); 

and a coefficient, say a 
It follows from l6.lTT] that 

for /3, (5, and a*^^^ in (N)'^. Note that we cannot extract from the previous, expressions of the 
form 

In fact, it can happen that \5\ > Nj, and we only consider W with posive exponents. In 
particular, the previous expression of a^(i)Vr"-l"*"l is not weighted homogeneous in JF(, and 
hence not in the graded sub-algebra of k'[[xh+i, ■ ■ ■Xd]][W] generated by 

One way to remedy this situation is to allow a^^ to have weight n — la*-^-*! if \6\ > Nj. Note 
that in such case 

n - = AT, - |/?| + AT,- - 1^1 <N,- 
Therefore we enlarge JF( to say, 

(6.1.3) J^i = {a^^^VT^^'VO < |a| < A'i, 1 < i < s, < n^,^ < A'i - |a|}. 
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for Ni and a as in J^i; and we can check that the coefficients of fnW"^ are now weighted 
homogeneous on JF^ (i.e. are in the sub-algebra of . . . generated by J-'i). 

The argument apphed here to Qn^^^ -gN-W^^ , also holds for the coefficients of any product 
of elements in JF, and hence for the coefficients of any homogeneous element in the algebra 
generated by JF = {gi^^^W'^^ , . . . , g^^yV'^'} (i.e. for the coefficients of any homogeneous 
element of Qx)- 

This shows that there is an inclusion of subalgebras in . . say 

(6.1.4) k'[[xt,^r,...XdWi] C Coeff(6;), C k'[[xh+i, . . . x^Wi]- 

On the other hand k'\^Xh+i, ■ ■ c k'\\xh+i, ■ ■ is a finite extension ()2.2t 2)). 

In particular Coeff(^)^ is finitely generated. 

Remark 6.2. 1) JF{ can be extended to a finite set, say JF", of generators of Coeff(^)^. 

2) Sing{k'{[xf,+^,...XdWi]) = Sing{Coe^{g)^) (Prop|13l (!))• 

3) Sing{Coe^{Q) ^ can be naturally identified with the intersection Zfl Sing{Q) locally at 
the point x. 

To check this last point 3) note first that the singular locus of k'[[xh+i, ■ ■ -XdWi^i] can be 
naturally identified with the intersection Z fl Sing{Q). This follows from the definition of T'l 
in (j6.1.2|) . and the expressions in Finally apply 2). 

6.3. Fix, as in 16.11 an inclusion of smooth schemes Z (ZV, a. closed point x E Z. Assume 
that there is a retraction say V ^ Z locally at x. Let xi, . . . , x/i be part of a regular system 
of parameters at Ov,x so that < xi, . . . , > defines Z at Ov,x', and let {x^+i, . . . Xd} be a 
regular system of parameters at Oz,x- The local retraction at the point x defines an inclusion 
Oz,x C Ov,x, so we may consider {xi, . . . , x/i, Xh+i, ■ ■ ■ Xd} as parameters at Ov,x- 

We may identify Oy^x with a ring of formal power series fc'[[xi, . . . , x/^, x^+i, ■ ■ - Xd 
with A;'[[x/i+i, . . .x^]]; and the local retraction defines the inclusion 

fc'[[Xft+i, . . . Xrfll C fc'[[xi, ...,Xh, Xh+l, . . . Xd]]. 

Given ^ = 04- W''{c Ov[W]), we have defined Coeff(^) at OzA^]- We now show that 
it can also be defined in Oz,x[W], and that the definition relies on the local retraction and 
the local inclusion. 

Express an element /„ G InOz,x as 

fn= ^1^ ■ ■ ■ ^/I'^'^oCi)! 

a{i)e(N)'' 

a e /c'[[x/i+i, . . . Xrfll. For each multi-index a^^\ < < n, the coefficient 

be identified with the class of A"'^'(/„) in Oz,x- However, A"'^' is a differential operator, 
relative to the local retraction V Z^ A°'^^\fn) in an element in Ov,x, and we can therefore 
consider the class of this element in Oz,x- 
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This shows that Coeff(^)(c Oz,x[W]), is the restriction via Z G V, of the extension of Q 
defined by the Diff-structure relative to the local retraction (13 .6^ . In other words, and from 
an algebraic point of view, Coeff(^)(c Oz,x[W]) is defined in terms of: 

i) the surjection Ov,x Oz,x] and 

ii) the inclusion Oz^x C. Oy^x- 

Lemma 6.4. With the setting as above, the restriction of G{Q) to the smooth subscheme 
Z is the Diff'- structure spanned by Coeff{Q) (i.e. the Diff-structure generated by Coeff{Q) in 

Proof. The previous discussion shows that Coeff(^) is included in the restriction of G{Q), 
which is a Diff-structure over Oz^x (ProplHUlA)). In particular, the Diff-structure spanned by 
Coeff((j')a; is included in the restriction. The claim is that this last inclusion is an equality. 

Here G{Q) = @ I'^ ■ W'^ is the Diff-structure generated by ^, so to prove this equality it 
suffices to show that given G /„, and a = (ai, . . . , ad) € (^Y, < |a| < n, the class of 
A"(/„)iy"~l"l in Oz,x[W], is in the Diff-structure generated by Coeff(^). 

For this last claim we argue as in the proof of Prop 15. ll (A), by splitting each multi- index 
a = («!,..., ad) G {NY : 

A" = A"'" A"*"'; 

where a^^^ = (ai, . . . , ah), and a^'^^ = (ah+i, • • • , ad). 

The class of A"''' (/„)iy"-l"'''l is a^d)!^"-!"'"! G Coeff(^); and that of A"(/„)iy"-l"l is 
A""^^' (aQ(i))Vr"~'"*^^'~'°'^'', which is clearly in the Diff-structure spanned by Coeff(^). 

Corollary 6.5. Fix a smooth scheme V, a Rees algebra Q, and a smooth subscheme Z ofV. 
If G{Q) denotes the Diff-structure spanned by Q, and if[G{Q)]z denotes the restriction to Z, 
then Sing{\G{Q)]z) , as closed set in Z , can be identified with Z fl Sing{Q). 

This follows from Lemma f6.4l and 3). 

Remark 6.6. Let ^ = 4 ■ W^{c. Ov'[W]) be a Rees algebra on a one dimensional smooth 
scheme V . If we assume that some Ik 7^ 0, then Sing{Q) is a finite set of points. 
Fix X G Sing{Q) and set Ov,x = ^'[M]? so 

^ = < r-^ > .W\ 

r>l 

and ttr > r for each index r. Define 

Xg = infr{ — }, 
r 

and note that Xg > 1. 

Let {gNi^^^, ■ ■ ■ jQNs^'^'} be a set of generator locally at a closed point x G Sing{Q). 
Fix any integer M divisible by all A^j, 1 < i < s, then 
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where v^Im) denotes the order of the ideal at Ov\x- Let Q denote the integral closure of Q. 

Claim 1: The integral closure of Q is determined by the rational number Ag, and \g = Xg. 

In fact, by usual arguments of toric geometry, we conclude that ■ W"^ e ^, if and only if 
^ > Ag. This proves the claim. 

Let G{Q) denote the Diff-structure spanned by Q. Recall that Sing{Q) = Sing[G{Q)). 
Claim 2: Locally at any x G Sing{Q), both Q and G{Q) have the same integral closure. 
We prove our claim by showing that Xg = Xg>. To this end note that given t°- ■ G 
and an operator A'^, < /c < 6, 

where d is the class of an integer in the field k'. Since a >b> k>Oit follows that fff > f , 
so Claim 2 follows from Claim 1. 

6.7. The previous Remark shows that in the one dimensional case, the extension Q C G{Q) 
is finite, where G{Q) is the Diff-structure spanned by Q. 

In general G{Q) is not integrally closed. Consider, for example, the semi-group in N x N 
defined by the pairs (x, y) such that —2x + y > and —x + y > 3. Use the previous remark 
to show that the set of pairs {t* ■ W^}, where fulfills the previous inequalities, form a 

Diff-structure Q which is not integrally closed. In fact -W is integral over Q. 

6.8. Let ^ be a Rees algebra over a smooth scheme V, generated by elements 
{dNiW^^, . . . ,gNs^^^}- Let M is a positive integer divisible by all Nj, I < j < s; and 

consider the Rees ring Ov[ImW^]. Note that Ov[ImW^^] C ^ is a finite extension of graded 
algebras, and therefore any Rees algebra is a finite extension of a Rees ring of an ideal ()2.3|) . 

Given two Rees algebras Qi = ^r>o H^)rW'^ and Q2 = ®r>o H'^)r^^ y there is a positive 
integer M such that both are integral extensions of the Rees ring generated by the M-th 
term, say e,>o and ®,>oH'^)mW''^- 

Proposition 6.9. Fix two Rees algebras Qi and Q2 on a smooth scheme V over a field 
k. Assume that for any morphism of regular k-schemes, say V — ^ V , where V is one 
dimensional, 7i^^{Qi) = 7r^^(^2)- Then Qi and Q2 have the same integral closure in V . 

Proof. Choose M and ideals ideals /(1)m and I{2)m as in Ifj.HI We may assume here that vr 
is of finite type. The previous properties show that under the condition of the hypothesis, 
both I{1)m and /(2)m have the same integral closure in Oy ()2.5j) . In particular, Qi and Q2 
have the same integral closure. 

Proposition 6.10. Let Qi C ^2(c 0v[Ty]) he a finite extension of Rees algebras on a 
smooth scheme V , and let V be a smooth one dimensional subscheme in V . Fix x & V and 
a regular system of coordinates {xi, . . . ,Xd-i,Xii} at Oy^x, so that the curve is locally defined 
by < Xi, . . . , Xd-i > ■ Then 

CoejfiGi) C Coeffig2) 

is a finite extension in Oy [W] . 
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Proof. Express any / G Oy = k'[[xi, . . . , Xd~i, Xd\] as: 

/ = ^ ■ ■ -a^rfll'a^ e k'[[Xd]]. 

Q,6(N)d-l 

The coefficients of fW^ are {a^PF^-l^l/O < | a I < A^}, and we define 

slv'ifW) = mm{ ^^"^^^ /0 < |«| < N}, 

where i^{a^) denotes the order of in A;'[[xd]]. Set Coeff(^i) and Coeff(^2) in Ov'[W], 
as in ()6.H) . Assume that J^i = {/niW^^, . . . , /at^VT^"} generate Qi locally at x, and that 
^2 = {qahW''^ QM^W^} generate Q^. 

The inclusion Coeff(^i) C Coeff(^2) at Ov'[W] is clear. 

Set Coeff(^i) = 0^,>o J(2)^Vr^ in Ov'[W], for i = 1,2. Note that J(l)^ = for all r > 1 iff 
V C Sing{Qi) iff C 0f,>o P^W"^; where P is the ideal defining the smooth subscheme V. 
Since Qi C Q2 is finite, it follows that also J(2),. = for all r > 1. 

Assume now that some J{l)r is not zero for some r > 0. The inclusion Coeff(^i) C 
Coeff(^2) ensures that 

^Coeff(ei) ^ ^Coefr(02)' 

and the claim is that they are equal (see Remark 

Each gUjW^^ is integral over the localization of Qi in Ov,x[W]. And this property is 
preserved by any change of rings. Namely, for any ring homomorphism : Ov,x S, (f){Qi) 
is a Rees algebra in ^[Vr], and (p{gMj)W^^^ is integral over (p{Qi). 

Express, for any QMjW^^^ G J-'2- 

(6.10.2) gM,= 5^ a;r---<'^ai^) a„ G 

ae{N)'' 

and set 

jr^ = {a^^^W^'^-^'^^/Q < \a\ < M^, I < j < t} 

(coefficients of all Qm/s). 

We know that /c'[[a;rf]][J^2] ^ Coeff(^2) is a finite extension in A;'[[a;rf]] [W^] fsee 16.1.4^ : in 
particular: 

^Coeff(g.) = ^M ^^_°|^| /0 < l«l < M,, 1 < J < t} (ra, 
or, equivalently: 

^Coeff{e2) = min{slv'{gM,), 1 < j < t}- 

So equality in would follow if we show that ^Q^gg^g^^ < ^^^"°|^| for each fraction 

as above. 
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We will assume that "_|^| < ^Coeff(gi) ^'-'^ some index 1 < jo ^ t, or equivalcntly, that 
-s/y (fi'Mjg ) < '^Coeff(gi) ^'^^ some index jo, and show that in such case gMj^W^^o is not integral 
over Qi] which is a contradiction. 

Define, as before, slv'{fNi) for each /at.PF^* G J^i, so that 

^Coefr(ei) = min{slv'UN,y. l<i<s}. 

We claim that if slv'iguj^) < -^Coeffcsi)' some index jo, a ring 5" and a morphism 
: Oy = k'[[xi, . . . ,Xd^i,Xii]] S can be defined so that (f){gMj )W^^o is not integral over 

Given f = Y.a ^a^T ■ ■ ■ ^'^d-ix'^'' G k'[[xi, Xd-i, Xd]], set 

Suppif) = {a e N^A,, ^ 0}. 
Let a > and 6 > be positive integers such that 

^ = ^Coefr(ei) = ^• 

Define I : M.^ ^ R, l{yi, . . . ,yd) — ayi + ay2 H ayd-i + byd, which maps N*^ into N. 

For a fixed integer N: 

1{N, 0, . . . , 0, 0) = l{0, AT, . . . , 0, 0) = • • • = l{0, ...,N,0)^ l{0, ...,0,XN)^ aN. 

Given {ai, . . . ,ad-i,s) e N*^, if Z(q;i, 0:2, ■ ■ ■ , a^-i, s) < aN, \a\ :— ai + • • • + ad-i < N. 
Furthermore: 

(6.10.3) l{oii, a2, . . . , Oid-i, s) < aN a\a\ +bs < aN <s=» — - — ■ — - < A. 

A* — \a\ 

We show now that: 

1) For each fNiW^' G jFi, Supp{fNi) is included in the half space l{yi, ■ ■ ■ ,yd) > aNi. 

2) For some /at^VF'^' G ^1, the intersection of Supp{fN^) with the hyperplane l{yi, ■ ■ ■ ,yd) — 
aNi is not empty. 

3) For some gM- W^^o g J-2, Supp{gM- ) is not included in the half space l{yi, . . . ,yd) > 
aMj^. 

In order to prove 1) set 

(6.10.4) fr,,^ Yl ^i'---^T^<'a e k'[[xd]]. 

a€(N)rf-i 



and assume that 



t"^! . . . ^"-i-V* 

Xi -^d-l -^d 



is a monomial with non-zero coefficient in this expression (i.e. assume that (cti, . . . , ad-i, s) e 
S'^wifNi))- The claim in 1) is that l{a\, . . . , ad-i, s) > aN^. In fact, if /(cci, . . . , ad-i, s) < 
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aiVj, then |a| := ai + ■ ■ ■ + ad-i < Ni and 



N,-\a 



< X (j6.1(J.3|) . But in such case 



s 



< A = A, 



min{slv'{fNi)] 1 < ^ < s}, 



Ni - \a 



Coeff(gi) 



which is a contradiction. 

Both conditions 2) and 3) follow similarly, from ()6.1U.3|) . 

Set 5" = k"[[t]] for some field extension k" of k', and define /3 : . . . k"[[t]] the 

continuous morphism, such that P{xi) = \it°- (Aj G k"), for 1 < i < d — 1, and P{xd) = t^- 
So PiGi) is the Rees algebra in F[[t]][Vr] generated by {(3{fN,)W^\ l<i<s}. 
We claim that for k" an infinite field, and for sufficiently general Aj G k": 
1') PifNi) has order at least aNi in 
2') PifNi^) has order aA^i^ for some /Ari^W^^'o G J^i. 
3') P{gMjg) has order strictly smaller then aMj„. 

Finally Claim 1 in Remark 16.61 where now X/3(gj^) = a, asserts that |3{gMJ^-^)W^'^^o is not 
integral over □ 

Remark 6.11. In the previous discussion we are given a smooth one dimensional subscheme 
V in V, a point x G V] and we fixed a regular system of coordinates {xi, . . . ,Xd-i,Xd} at 
Ov,x, so that the curve is locally defined by < xi, . . . , Xd^i >■ 

If Qi is locally generated by J-'i = {/niW^^, . . . , /at^VT^^}, and each f^^ has the formal 
expression ()6.10.4|1 . then Coeff(^i) in Ov',x[W] is defined, up to integral closure, by 



It was indicated in 16.31 that Coeff(^i)(c Ov',x[W]) was defined only in terms of: 

i) the surjection Ov,x Ov\x] and 

ii) the inclusion Ov',x C Ov,x- 

Namely, in terms of the local inclusion V C V, and the local (or formal) retraction V —>■ V. 

We claim now that in the case in which V is one dimensional, and x G Sing (^i), then 
Coeff(^i) is defined, up to integral closure, only in terms of the local inclusion V C V (i.e. 
only in terms of the surjection Ov,x — ^ Ov',x)- 

In our case the formal retraction is given by the inclusion C k[[xi, . . . , Xd-i,Xd]], and 

the inclusion by < xi, . . . , Xd-i >■ Fix x'^ so that {xi, . . . , Xd-i, x'^} is also a regular system 
of parameters. Consider, on Ov',x[W] the two Rees algebras, say Coeff(^i) and Coeff(^i)', 
defined in terms parameters {xi, . . . , Xd-i,Xd} and {xi, . . . , Xd-i, x'^} respectively. We claim 
that in the case x G Sing (Q), then Xq^^q^q^ = AQ^gg^-^y (see 16. 6j) . 

Set positive integers a, b, and / : N"^ — N, so that (1) and (2) in ()6.1().3j) hold for JF^, 
where each f^. is defined in terms of the coordinates {xi, . . . ,Xd-i,Xd} ()6.1().4j) . And note 
that these conditions (1) and (2) imply that | = A^^gg^^^. 

Here we assume that x G Sing{Q), and hence that -^Coeffce) ~ t — ^- According 
to (2), for some /tv^ G JF, there are monomials in Supp{fN^), say x"^ '"'^d'^i^dy that 



= {ai^)iy^'-l"l/0 <\a\<N,,l<i< s}. 
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l{ai, . . . , ad-i, s) = aNi. Among those monomials, choose one, say ■ ■ ■xj^_^x'^^, with the 
smallest value (3i + ■ ■ ■ + Pd-i- 

Both Xd and x'^ induce parameter of Ov',x (via Ov,x — ^ Ov',x)- After suitable change of 
parameters in A;[[a;rf]] (which does not affect the definition of Coeff(^)): 

x'd = Xd + hixi + h2X2 H h hd-iXd-i- 

As a >b, any monomial ■ ■ -x^l^^x^, in Supp{fNi), gives rise to an expression 

. . . ^"'i-'^'rS — ^ai . . . rr°'d~i IS , (5i _ _ _ ^d-i fj ^ /]] 

"''I -^d-l -^d — -^l -^d-l -^d ^ 2-^ y-^l -^d-l -^d ^ '^ll-'-l^ • • • ) •'-d-1, X^\\, 

with l{Si, . . .,Sd-i,j) > aNi. 

Furthermore, our choice of xf^ ■ ■ ■x^l'^^xJJ, with the smallest value /3i + ■ ■ ■ + Pd-i, shows 
that (1) and (2) also hold for the elements of J-'i, expressed now in the regular system of 
parameters {xi, . . . , Xd-i, x'^}. So -^Q^ggj-^-j = -^Coeffcg)' shown. 

The following Theorem can also be proved using Hironaka's theory on infinitely near points 
in jH] ; a theory based on the behavior by monoidal transforms. Our proof relies on the previous 
development in this section, which will also be used for the proof of Theorem ??. 

Theorem 6.12. Let Qi C Q2 he an inclusion of Rees algebras on a smooth scheme V . Let 
G{Qi) he the Diff- structure spanned by Qi {i = 1,2) . // Qi <Z Q2 is a finite extension, then 
G{Qi) C G{Q2) is a finite extension. 

Proof. The inclusion G{Qi) C G{Q2) is clear. We will argue locally at a point x G Sing{Qi), 
and we make use of the criterium in Proposition 16 .91 to show that the extension is finite. Let 
jr^ = {fj^^W^\ fN^W^^} generate locally at x, and let J^2 = {gM,W^\. . . , gu^W^'} 
generate Q2- 

Set 71 : V ^ V where V is one dimensional, and let x' G V map to x. Locally at x', one 
can factor tt as y C V" — > V, so that (j) : V" ^ V is smooth. Let 4>~^{Qi), (p~^{G2) denote 
the total transforms of Qi, Q2] and (j)~^{G{Qi)), (p^^{G{Q2)) be the total transforms of G{Qi), 

G{g2). 

If {xi, . . . , Xd} is a regular system of parameters at Ov,x, then {xi, . . . , Xd} extends to a 
regular system of parameters, say {xi, . . . , x^, ■ • • , x^} at Oy" x'- It is easy to check that 

1) ^1 = {fN,W\ fN.W'} generate cl>-\g,) locally at Ov",x'; 

2) J^2 = {gM,W^'\ . . .,gM,W^'] generate (t)-\G2) at Ov",x'. 

3) (t)^^{G{Qi)) is the Diff-structure generated by (f)^^{Qi). 

4) 0~^(G'(^2)) is the Diff-structure generated by (t>'^{Q2)- 

Therefore the setting at V and at V" is the same, and hence, in order to apply Proposition 
16.91 we need only to show that given a finite extension Qi C Q21 the restrictions of the Diff- 
structures G{Qi), i = 1,2, to a smooth one dimensional scheme V' , have the same integral 
closure. 

Lemma 16.41 says that the restriction of G{Qi) to V is the Diff-structure generated by 
Coeff(^i) {i = 1, 2). Remark inini shows that for each index i = 1,2, the Rees algebra Coeff(^j), 
and the Diff-structure generated by Coeff(^i), have the same integral closure. So it suffices 
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to show that Coeff(^i) and Coeff(^2) have the same integral closure, which was proved in 
Prop Ib-lTH In fact, 1),2),3), and 4) show that the setting of Prop Ib.lTil hold. 

Theorem 6.13. Let Qi C Q2 he an inclusion of Rees algebras on a smooth scheme V. Fix a 
smooth subscheme Z C V, and a local (or formal) retraction V Z . If Qi C Q2 is a finite 
extension, then Coeff{Qi) C Coeff{Q2) is also finite. 

Theorem 6.14. Let Q be a Rees algebras on a smooth scheme V . Fix a point x G Sing (Q), a 
smooth subscheme Z G V containing x, and two local (or formal) retractions, say it : V ^ Z 
and tt' : V Z at X . If Coeff{Q) and Coeff{Qy are defined in terms of it and it' respectively, 
then both have the same integral closure in Oz,x[W]. 

Proof. Both Theorems 16.131 and 16.141 can be treated similarly. As in the previous proof we 
apply the criterium in Proposition 16.91 

Set TT : V' ^ Z where V is smooth and one dimensional, and let x' G V map to x. Locally 
at x', one can factor n as V G Zi ^ Z, so that (p : Zi ^ Z is smooth. A retraction of V on 
Z can be lifted to the fiber product, say Vi ^ Zi, and the construction of Coeff is compatible 
with base change. By further restriction to V we may assume that Zi is one dimensional. 
Theorem 16.131 follows now from Prop 16.101 and Theorem 16.141 from 16.111 

□ 

7. Further applications. 

There is a particular but natural morphism among smooth schemes, namely that defined 
by blowing up closed and smooth centers (i.e. monoidal transformations). Given an ideal 
in a smooth scheme, there are several notions of transformations of sheaves of ideals defined 
in terms of monoidal transformations (e.g. total transforms, weak transforms, and strict 
transforms of ideals.). 

Questions as resolution of singularities, or Log principalization of ideals, are formulated in 
terms of these notions of transformations. In the case of schemes over fields of characteristic 
zero, both resolution and Log principalization of ideals are two well known theorems due to 
Hironaka. If two ideals have the same integral closure, then a Log-principalization of one of 
them is also a Log-principalization of the other; the key point being that the transforms of 
both ideals also have the same integral closure. 

Notions of transformations on ideals extend naturally to graded structures of ideals. And 
again, if two graded structures have the same integral closure, then their transforms are 
graded rings with the same integral closure. 

Both theorems of Log-principalization of ideals and resolution of singularities are proved 
by induction on the dimesion of the ambient space. In the setting of differential structures 
this form of induction relates to the notion of restriction on a smooth subschemes, say Z G V 
in Theorems 16.131 

The outcome of Theorems 16.141 is that such form of restriction on Z is, up to integral 
closure, independent of the particular retraction. This result plays a role in the extension 
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of resolution theorems to graded structures. We refer here to [Oj or [Zj for the notions of 
trasformations of different iable structures, and related results. 

Our development will be applied in in relation with the study of hypersurface singu- 
larities over fields of positive characteristic. 
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